Maxwell's catenary and other curves obtained by rolling a parabola
In this article we obtain equations for the family of curves traced out by a set of points distributed along the axis of a parabola as the parabola is rolled along a straight line. The mathapps.com logo is obtained by stacking these curves on top of each other. The top-most curve of the logo is Maxwell’s catenary (Maxwell showed that the curve traced out by the focus is a catenary). 
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The discussion is in two parts; in the first part the movement of the focus is analysed as the parabola is rolled; the parametric equations of the resulting locus are derived and shown to describe a catenary.  In the second part the discussion is broadened to obtain the parametric equations for the movement of other points rolling with the parabola.  In particular the point (-a,0) on the directrix is found to trace out an interesting curve.   
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                                                         Figure 1
In Figure 1 the solid curve is the parabola 
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before it is rolled along the horizontal x-axis. The small circle is at its focus and the directrix is the dashed horizontal straight line.  The dashed curve is the catenary
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, the curves are drawn for the case when a = 1.   
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Figure 2
In Figure 2 the parabola has been rolled along the x-axis to the right and some point Q now touches the x-axis, as the parabola rolls its focus rises to follow the catenary. 
Maxwell deduced that when a parabola is rolled along a straight line the focus traces out a catenary.   This is a convenient way to characterize the catenary although it may seem remarkable at first sight that a hyperbolic function appears when a simple quadratic function is rolled  (the underlying reason for this is the fact that the expression for a parabolic arc length contains a hyperbolic function.)  Figure 1 shows a parabola before it is rolled along the x-axis and Figure 2 indicates the position after some rolling.  Notice that the focus does indeed appear to follow the catenary.
Part 1

Figure 1 shows the parabola 
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.  Introducing the parameter t (
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 is then a general point on the parabola.    In Figure 2 the parabola has been rolled clockwise until the point Q
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has come into tangential contact with the x-axis.  Analytical geometry applied to Figures 1 and 2 yield the following useful results:

In Figure 1:  
(i) The tangent line at the point Q
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 is inclined to the positive x-axis by the angle 
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(ii) The curved distance measured round the parabola from the origin to the point having parameter t is given by 
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 or equivalently by
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In Figure 2:  

(iii) The vertex of the rolled parabola in the position where the point Q
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 lies on the x-axis is at the point 
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(iv) The parametric equation of the rolled parabola in the position where the point Q
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,
 where 
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(v) The equation of the axis of symmetry is 
[image: image24.wmf][

]

[

]

()tan

oooo

yxxtyt

f

éù

=-+

ëû


(vi) The equation of the rolled directrix is given by  
(vii) 
[image: image25.wmf][

]

[

]

[

]

[

]

[

]

(

)

sincotcos

ooooooo

yytattxxtat

fff

éùéùéù

=---+

ëûëûëû


(viii) The rolled focus is at the point 
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 .  By eliminating t between 
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we see that the focus of the parabola moves along the catenary 
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Part 2

Consider now the motion of the point, P, on the axis of symmetry of the parabola that is at a distance 
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 from the vertex.  On the unrolled parabola  P(
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,0).  When rolled the locus of P is found to have the parametric equations
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By choosing values of 
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 in the interval 
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 and stacking the resulting curves with the catenary uppermost we obtain the logo. 
Maxwell’s catenary
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